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Introduction The Model Numerical Simulations

About compartmental models I

Generally, in compartmental models the whole population is divided into
different compartments. The population is homogeneous in terms of its
characteristic of interest in each compartment. For example, SIR model
divides the population into susceptible, infected and recovered. For
different diseases, we can add more compartments to fit a specific
characteristic of the disease. Some common compartments are,

• Exposed compartment: In this compartment, the population is
exposed to the disease, i.e. being infected. But are not infectious yet.
For many diseases, the individual will not be immediately infectious
right after being infected. The period between the individual is
infected and the individual is infectious is called the latent period.

Tsz-Lik Chan COVID-19 Transmission Dynamics Oct 5, 2022 2 / 33



Introduction The Model Numerical Simulations

About compartmental models II

• Asymptomatic compartment: In this compartment, the population is
infectious but shows no symptoms. The time between the individual
is infected and the individual shows symptoms is called the incubation
period. For a disease with a latent period shorter than its incubation
period, that is the individual is infectious before the individual shows
symptoms. It would be better to add an asymptomatic compartment.

• Vaccinated compartment: In this compartment, the population is
vaccinated. And thus has a different death rate and infection rate
than those who are not vaccinated.
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Introduction The Model Numerical Simulations

Backgrounds about COVID-19 I

• COVID-19 is the pandemic affecting many countries.

• One characteristics of COVID-19 is the presence of asymptomatic
patients. The estimation of the percentage of asymptomatic patients
varies a lot, from 14% (Li et al., 2020) to as large as 90% (Gaeta et
al., 2020). Asymptomatic patients have no symptoms and live like
normal people. Thus the pandemic would transmit faster when there
are a large number of asymptomatic patients.

• For COVID-19, most studies suggest that the latent period is around
one to two days shorter than the incubation period. So that an
infectious individual has around one to two days to live normally, and
during this period the individual could pass the disease unconsciously.
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Introduction The Model Numerical Simulations

Backgrounds about COVID-19 II

• A common disease control strategy that is implemented worldwide is
social distancing. The activity of the population could affect the
dynamics of the pandemics. When people have more contact with
others the disease transmits faster. This is important when the
population of asymptomatic patients is large. Since you are not aware
whether you have contact with an infectious person or not, and there
would be a high chance of contact with an asymptomatic patient.
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Introduction The Model Numerical Simulations

Backgrounds about COVID-19 III
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Figure: Data from the Department of Health. The infected population can be
classified into three waves.
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Introduction The Model Numerical Simulations

Backgrounds about COVID-19 IV

As shown in the figure, the dynamics of the infected population are
recurrent. We can observe waves of the infected population. These
dynamics are generally not seen in a simple SIR model. We want to
capture the recurrent outbreaks by considering two aspects:

1 behavioural change,

2 asymptomatic patients.
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Introduction The Model Numerical Simulations

About mean-filed game and evolution I

• We want to adapt the theory of games into the pandemic modeling.
In particular, from mean-field or population games, a theory that
describes a how a rational agent makes decision in a very large
population.

• The model should be a system that describes how the population
density evolved with time and an optimization problem that describes
how an agent should maximize his payoff.

• We consider two types of strategy, either live normally or reduce their
activity in response to the pandemic.

• Another important idea from evolution is that we need to allow the
population to “learn”, that is to change their current strategy after
rational thinking. Rational thinking means the population will
compare different strategies by comparing the corresponding payoffs.
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Introduction The Model Numerical Simulations

About mean-filed game and evolution II

• The frequency of a particular strategy depends on the payoff. Also,
the payoff of the strategy depends on the frequency of all strategies.

• Final two assumptions in our model,
• There are only two strategies. New strategy will not emerge.
• Agents are myopic, i.e., their discount factor is small, δ → 0
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Introduction The Model Numerical Simulations

Existing model

An existing model which consider behavioral change I

A recent model by Amaral et al. (2021) that borrowed ideas from
evolution and game theory is:

Ṡn = −βN I nSn − βaI rSn + τΦS

Ṡ r = −βN I nS r − βaI rS r + τΦS

İ n = βN I
nSn + βaI

rS r + τΦI

İ r = βN I
nS r − βaI rS r + τΦI

Ṙ = γ(I n + I r )

In this model, both the susceptible and infected populations are divided
into two groups.
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Introduction The Model Numerical Simulations

Existing model

An existing model which consider behavioral change II

• This model differs from a simple SIR model in terms of the fact that
susceptible population (infected population) could move between Sn

and S r (I n and I r ) through τΦS (τΦI ). And the infection rate is
different in the two groups.

• The susceptible could protect themselves from infection by moving to
S r .

• Population can learn (to change their strategy from n to r or from r
to n) according to the Fermi rule, θ(p1, p2), which gives the
probability of changing from strategy with payoff p1 to strategy with
payoff p2

θ(p1, p2) =
1

1 + e−(p2−p1)/k
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Introduction The Model Numerical Simulations

Existing model

An existing model which consider behavioral change III

• This model considers the case of social learning (i.e. learn from
another individual when they meet) in which this rate of change also
depends on the probability that normal type meets with reduced type

ΦS = S r (Sn + I n)θ(pr , pn)− Sn(S r + I r )θ(pn, pr ),

ΦI = I r (Sn + I n)θ(pr , pn)− I n(S r + I r )θ(pn, pr ).

• This assumption is not valid in our model. We want to study a case
where the individuals have the required information and the required
knowledge to act rationally by themselves.

• Our model correspond to the concept of self-learning. People obtain
information from e.g. newspaper or TV. And make judgement
themselves using that information.
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Introduction The Model Numerical Simulations

Proposed model

Details of the proposed model I

We consider the stage of an infected susceptible as follows,

Susceptible → Exposed →

{
Asymptomatic

Infected

So that after being infected, the person will become exposed (infected but
not infectious). After a certain time, person will either develop symptoms
and become infectious, or the person will not develop symptoms but still
infectious, in this case, he will be called asymptomatic.
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Introduction The Model Numerical Simulations

Proposed model

Details of the proposed model II
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Figure: A visualization of the model.

• S, A, E, I, R are the
susceptible,
asymptomatic, exposed,
infected, recovered
respectively.

• ai and bi are the rate
that population changes
their strategy. (Rate of
behavioural change.)
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Introduction The Model Numerical Simulations

Proposed model

Details of the proposed model III
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Figure: A visualization of the model.

• λ is the report rate, γi is
the recovery rate. βri , βni
and βIi are the
transmission rate.

• µ is the probability of
showing symptoms after
infection.

• σ is the rate at which
exposed population
become infectious.

• Different i represents
different subgroup.
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Introduction The Model Numerical Simulations

Proposed model

Details of the proposed model IV

The proposed model

Ṡ r
i = aiS

n
i − biS

r
i − βri S r

i ,

Ṡn
i = −aiSn

i + biS
r
i − βni Sn

i ,

Ė r
i = aiE

n
i − biE
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i − (1− µ)σE r

i − µσE r
i + βri S

r
i ,

Ėn
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i ,

Ȧr
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r
i + (1− µ)σE r

i − λAr
i ,

Ȧn
i = −aiAn

i + biA
r
i + (1− µ)σEn
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İi = λ(Ar
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Ṙ =
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i=1 γi Ii .
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Introduction The Model Numerical Simulations

Proposed model

Formulating the proposed model I

• In this section, we provide a formulation of the value function.

• The population, based on information, decide rationally by comparing
payoff.

• We assume that the population are smart, so they have the required
knowledge to maximize their expected payoff and minimize the
expected cost. This could be model as an optimization problem.

• But the information is not prefect. There is considerably delay
between when something happened and when you know something
happened. As we will soon see delay in information is a critical aspect
that affects the recurrent outbreak. And the population cannot get all
the information they need.
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Introduction The Model Numerical Simulations

Proposed model

Formulating the proposed model II

We define the payoff functions below.

Payoff functions

uni (t) := max
zn, 0 ≤ zn ≤ 1

vi (z , e(t)),

uri (t) := max
z r , 0 ≤ z r ≤ rmax < 1

vi (z , e(t))

• e = [I1(t − τ), · · · , IM(t − τ)] represent the information of numbers
of infected population. This information is delayed by τ time units.
No information of asymptomatic population.

• By the Fermi Rule defined before, the rate of changing strategy will be

ai = θ(uni (t), uri (t)),

bi = θ(uri (t), uni (t)).

Tsz-Lik Chan COVID-19 Transmission Dynamics Oct 5, 2022 18 / 33



Introduction The Model Numerical Simulations

Proposed model

Formulating the proposed model III

• This optimization problem is solved at each time t to determine the
optimal parameters zn∗ and z r∗, which we can interpret it as the
frequency of optimal activity for the normal type and the reduced
type.

• The feasible sets for the normal type and the reduced type are
different. 0 ≤ zn ≤ 1. But 0 ≤ z r ≤ rmax < 1.

• This means that although the reduced type can sometimes obtain
more payoff by increasing the z r above rmax , they are reluctant to do
so. We can think of that they are conservative in making decision
(risk-averse).
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Introduction The Model Numerical Simulations

Value function

Formulating the value function I
Here, we introduce what are the payoffs based on, that is the value
function v in the definition of uni and uri . The v we used is modify from
Garibaldi et al. (2020) and Amaral et al. (2021).

• The idea is to measure the value that you can obtain now and in the
future.

• That is the value function should be the sum of present value and the
expected cost.

• Present value means the value that the population can gain
immediately. e.g. The joy for having decent meal outside with your
family.

• The expected cost is further decomposed into the expected cost of
being susceptible, and the expected cost of being infected.

• In such case, this value is inherently abstract. It only gives preference
for making decision.
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Introduction The Model Numerical Simulations

Value function

Formulating the value function II

Value function

vi (z) = v̄︸︷︷︸
Present value

− (cp + (1− p))︸ ︷︷ ︸
Future cost

,

where c ∈ R, p = ωm(z)
M∑
j=1

kI Ij(t − τ).

• m(z) here is the average number of contact induced by z .

• p is a probability of being infected.

• c is the cost after infection, the cost of being susceptible is, relatively,
1.

• The information of Ij is delayed by time τ . It represents the
information lag in reality.
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Introduction The Model Numerical Simulations

Value function

Formulating the value function III

• The value represents, at z, the current reward (present value) and all
the future cost. Since u = max

z
v , the payoff is the optimal value that

the agent can obtained.
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Introduction The Model Numerical Simulations

Transmission rate

Formulating the transmission rate

The transmission rate in the proposed model are βri , βni . They again
depend on m and the probability of contacting with infectious populations.

βri (z r∗, t) = m(z r∗)
M∑
j=1

knA
n
j + krA

r
j + kI Ij ,

βni (zn∗, t) = m(zn∗)
M∑
j=1

knA
n
j + krA

r
j + kI Ij .

kn, kr and kI represent the infection rate.
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Introduction The Model Numerical Simulations

Simulation with Hong Kong’s data

Parameters estimation

• In this section we will present the parameter estimation and numerical
simulations with Hong Kong’s data. Most parameters are adopted
from various studies or approximated from data. First, we use the
same form of m(z) = 2.2z , v̄(z) = z − z2

2 as used by Garibaldi et al.
(2020).

• We take λ = 1
5.7 days , γ = 1

10 days , σ = 1
3 days . Here, λ−1 is the mean

time period of contact to illness onset, which is estimated from Tian
et al. (2020); γ−1 is the median recovery time of Remdesivir
treatment, which is estimated from Beigel et al. (2020); the the mean
latent period, σ−1, is estimated from Lin et al. (2020). From data,
we assume µ = 0.79.
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Introduction The Model Numerical Simulations

Simulation with Hong Kong’s data

Result with varying cost after infection
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Figure: In this figure, we present the effect of varying the cost after infection. We
can see that for smaller cost the infected population would be larger. And for
larger cost the infected population will be smaller.
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Introduction The Model Numerical Simulations

Simulation with Hong Kong’s data

Result with varying time delay
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Figure: In this figure we show the impact of time delay. (A) We present the
simulation with different delays. (B) We use exponential curve to fit the
maximum in the first wave of the simulation. The fitted exponential curves are
black dotted line.
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Introduction The Model Numerical Simulations

Simulation with Hong Kong’s data
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Figure: In this figure we present the simulation of the infected population with
different rmax shown in the lenged. The infected population decreases as rmax

decreases from 1 to 0.6. But the infected population increases as rmax decreases
from 0.4 to 0.2.
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Introduction The Model Numerical Simulations

Simulation with Hong Kong’s data
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Figure: In this figure, we present the simulation with one group. (A) The
comparison of the simulation and the data. (B) The optimal activity. (C) The
comparison with report rate λ increase to 0.2702 after day 200.
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Introduction The Model Numerical Simulations

Simulation with Hong Kong’s data

• We can see that a new outbreak of infected population begins when
the optimal activities of the normal type and reduced type are
different.

• At this time, the normal type has more payoff than the reduced type.
It is because when there is little infected population, the chance of
being infected when having a higher z is less. Thus for a rational
agent, he should increase his z to gain more payoff.

• Based on our model that the population can learn from the other
population by comparing payoff, this also means that more and more
people will like to have a higher z .

• As such, higher z leads to more infection, and a new outbreak occurs.
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Introduction The Model Numerical Simulations

Simulation with Hong Kong’s data

• When a new outbreak occurs, the number of the infected population
is relatively high. The payoffs of the normal type and the reduced
type become the same since it is not reasonable to have a higher z .
And both populations will try to lower z in response to the increased
risk of being infected.

• The infected population cannot sustain for a long period. Since under
the rational population, the risk of transmission will be controlled by
activity z .

• In summary, a new outbreak occurs when the number of the infected
population is small and when the population increases their activity.
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Introduction The Model Numerical Simulations

Simulation with Hong Kong’s data

Thank You.
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Simulation with Hong Kong’s data
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Simulation with Hong Kong’s data
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